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TeopeMa )I.BOHCTBeHHOCTH ,ll.JIH KOrOMOJIOrHH aJire6p Jiu* 
MHXIHJI Xa3eBH·HKeJib (AMcTep.n.aM) 
Ilycrh k - KOMMyTaTHBHoe KOJlbU0 c e.n.HHHUeit Mb! 6y ,n;eM pacCMaTpHBaTb 
TOJlbKO CB06o,n;Hhle aJire6pbl JlH lj C KOHe'IHb!M 'IHCJIOM o6pa3YIOIIl,HX Ha.rt k. 
IlycTb M - Mo,n;ynh Ha.D; lj, M* = Hom (M, k)- k-JIHHeHHO .n;aoHCTBeHHb!H Mo,n;ynb. 
,lleiiCTBHe lj Ha M 0ITUCbIB:.>eTCH YCJIOBHeM (tu, m) + (f, mu)= 0, r.u;e Ut lj, 
mEM, fEM* ((f, m)-KaHoHH'lecKoe crrapHBaHHe M* xM- k, T. e. (f, m) = f (m)). 
,llJist BCSIKoro u E lj rronomHM Cu= Tr (ad u). IlycTh M - Mo,n;yJih Ha.n; lj c 
COOTBeTCTBYIOIIl,HM npe.n;craaJJeHHeM u I- p (u), TOr,n;a u (-- p (u) - Cu • 1 M onpe-
,n;eJIHeT Hoaoe npe,n;cTaBnemre aJire6phl lj (noTOMY 'ITO Ctu,vJ = 0 .n;nsi: acex 
u, v E lj H Cu· l M KOMMYTHpyeT c p (v) ,n;JISI acex u, v E !j). O6o3Ha1mM qepe3 
M1"' MOJJ.YJJh 9Toro Hoaoro npe.n;craBJieHHH; KaK k-Mo,n;yJJh OH coana.n;aeT c M. 
MbI ,n;oKa}KeM cne.n;y101u,y10 TeopeMY .n;aoeCTBeHHOCTH. 
Teo pe Ma. flycmb lj-n-.MepHaR. a/lze6pa Jiu 1ta8 nolle.M k. Tozaa cy14e-
c/'11.8y10m KllHOHUt.tec,cue U30.MOpqJU3.Mbl 
(I) 
zae * o6o3Hat.taem llUHeCiH.o 8Bouc11UJeH.Hble .Mo8yAu u M1"' - MOOYllb c,cpyt.teHHOZO 
npeiJcmaBAeHUfl u 1-...,. p (u)- Tr (ad u) • IM (ziJe u 1- p (u)-npeiJcmaBAeH.ue, 
coomeemcmBy1014ee .Mo8y11.10 M). Ec/lu lj-H.Ullbnome11.mna UllU eCAu [lj, 1)) = lj, 
mo M 1"' = M (11.0 B o6t4e.M Cllyt.tae (M'"'r =/= (M•)'"') . 
.LlJJH ,!l;OKa3aTeJibCTBa TeOpeMbl l Mb! IlOCTp0HM H30MOpq>H3M Mem:,n;y KOM-
IlJleKCIJM C (!j; (M'"'n Koueneii co 3Ha'leHHHMH B (M1"')* H JIHHeHHO ,[(BOHCTBeH-
HblM KOMilJieKC0M C (!j; Mr; S-MepHaH KOUeilb ane6pbl lj CO 3Ha'leHKHMH B 
(M1"')* - 9T0 k-JIHHeihlaH q>yHKUHSl i\ 6- (M1"')*. Bb16paB 6a3HC U1, ... , Un B lj, 
OT0.>K,[(eCTBHM Mo,n;yJib 9THX Koueneii c_ ~ . ((M1"')t, ... is)= (. ~ . M1~--is)·· 
t,-c: ... <•s ,,<---<•s 
9JieMeHT 9TOro Mo,n;yJrn-qiyHKUHH f C :KOMilOHeHTaMH {i, ... is• i1 < ... <is. 
Ecn11 m = (m;, ... i5 ) E ] M:~ .. i,, TO f (m) = ] (/;.. .. is• mi, ... i 5 ). HaM 6y.n.eT 
y.n.o6Ho .n.oonpe.n.eJJHTb ff , .. .is = sign ( cr) f;, ... ;5 ,[(JJH acex rrepecraHOBOK cr, a (j t) = it, 
t = I, 2, ... , s, H IlOJJaraTb Ii, ... js = 0 Ka)K,[(b!H pa3, Kor.n.a ,[(Ba 113 HH.11.eKC0B 
n 
ii, ... , is paBHbl. KpoMe Toro, noJI0,KHM f;, ... is-i[i ; +il = '\.7 1( .. f. . 1 
s s 4.J "'s+ 1 '•···•s-1 • 
l=I 
* i-10CJ1e.n:osa1me Bbln0JllleH0 n,p11 cjlllH3HCOBO/i n0M0!l(II z. W. 0. (OpraHll33llHH H11.n:eo-
:1a11•.n:on .n:m1 00J.UJ.e"jl)!(KII uaytJHblX ll•CCJJe)lOBaHiii\.) 
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n 
rrre [u u ] -- "1,/ u (T. e. ,.,k,·1· - CTpyKTypHbie KOHCTaHTbl aJire6pbl 6). ,__ i5 , i5+1 -- L.J oi 5i5+1 I , 
l=l 
AHaJIOrHIJHO onpe,IJ,eJI5lJOTC}l mj,---is H T. ,I(. B 3THX 060311aqemrnx KOMrrneK<: 




(f6!)((mi, .. .t5+1)) = ~ ~ (- I)'+i+q(f;,_ .. 7q·--is+1 (U;q- C;q),m;, ___ ;5+1) +-
i1<---<is+t q=I 
+ ~ ~(- 1)'1+rui, ... iq-·-l,----is+iCi,f,1'm;, ... is+1>• 
i,<- .. <is+i q<r 
(3) 
r.n:e Ciq = Tr (ad U;q) H Mb! onyCTHJIH tw B o603HatJemrn M1w, IT OTO My 'ITO 3TO 
CKpytJHBaHHe BJIH5leT TOJlbKO Ha cpopMyJIY )l;JIS! f6!. AHaJIOrHIJHO MbI OT02K,ll;eCTB-
n-s 
JrneM Homk (/\ ~. M) H 
~). TiepeHJ(Sl K JIHHe:li:HO J(BOHCTBeHHOMy KOMITJieKcy' IlOJIYtJHM 
(4) 
r,IJ.e cpopMyJia ,IJ,JIH 6~-s KMeer BH,11; 
+ 
rP,e 
Te~e.Ma ,!1:BOHC'!1BeHHOCTH 641 
r1ycTb (. , ~- M;, ... in-s \) • ~ ('. ~--. Mj, ... j s \ ·_ H30~f0pq>H3M, 
\ 11~- •··""ln-s )1< ... ·-...Js } 
(r:f) ((mj, ... js)) = ~ (f;, ... in-s' mi, ••is) sign (i1 . - • in-sh - .. js), 
i1< ... <in-.~ 
r,n;e f = (f;.. .. in_,) H U1, ... is)- )J;0rI0J1Hem1e K (ii, .... ' i11-s) B (I, 2, ...• n). 
OoJIO)KHM 6: = -ro:_s-r1 • nonyqHM HOBbIH KOMITJieKC 
(9) 
(3aMeTHM, 'ITO M0Jl.yJYH B K0MITJleKcax (2) H (9) Te )K€ caMble.) fpynnb! K0-
roMOJIOrHH KOMOJleKca (9), K0He'IH0, H30MOpqJHbl C rpynnaMH KOroMOJIOrHH 
K0MITJJeKca (4) npH 3aMeHe HHJl,eKC0B: s ,,-, n-s. 
HMeeT MeCT0 
fl p e ,a; JI o )Ke H He 1 . 6! = (- I )5+16!. 
,lJ. 0 Ka 3 a Te JI b CT Bo. Bb!LIHCJIHM (l,!f) (m), r,[\e f = (fi,---is)• m = (m;,.,.is+1)-
flepBblH qneH I ,11,aeT (CM. ( 5)) 
~ ~ (fi,---1s• mi,-,.istUt) (- I )"-s+q (- l)s-! sign (i1 ... in-sh ... is) x 
~ (f . · m· ·1U1)(-l)5 -I' 1,---ls• Ja' .. Js -
i ,<-·. <is ,t"f"'i, .... ,j. 
jix, , is - ,!l;OilOJIHeHHe K i1, , . , , in-s, f = iq H J - TaKoe l!HCJI0, 'ITO 
(1 < t < ii+1); BTOpo:ii: qJieH II (CM. (6)) ,n;aeT 
~ <fi,---is• m1, ... J5t) ,:q~(- l)'+q(-l)s-1(-l)"-s-q-isign(i1 ... in-sii---is)X 
i,< ... <is,iq< t 
t,lq"f"'/1, • .,,j5 
x sign (ii ... i, ... in-si1 • - . jztii+1 . • - is) = 
2l (11) 
i,< ... <fs iq <I 
l"f"'i,, .• .,js lq'i!"i, .... ,j, 
(ji, ... , j s - ,11,0IT0JIHeHHe K ii, ... , in-s, t = i, H [ - T8K0e 'IHCJI0, 'ITO 
it< t< h+1). 
AHaJJOrHLIHo HaX0.llHM, 'ITO TpeTHH LIJJeH III (cM. (7)) .uaeT 
i,<-·· <:.is i, >I 
l"l"j,, .... js i,"l"i, ..... js 
(12) 
JI.mi BbILIHCJieHHH BKJJa~a 'lJJeHa IV (cM. (8)) pa3o6beM s10T qJieH Ha TPH 
LiaCTH: iq<i,<t, iq·<t<i,, t<iq<i,. JI.nH rrepB0H HaX0,llHM, l!T0 
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h ~ l(fi. .. ,i,-1x• mi,---is-tab) (- I )q+r(-l)'-1-1(-l )s-1-zx 
ii< ... <j5_ 1 a.b,x¥=j,, ... ,is-1 
a<b<x 
x (-1 t-s-w'.)C'l'dl sign (i1 ... i11-sii • .. jixii+1 • • • is-1)x 
X sign (i1 ..• iq ... i, .. • iwiiw+i • • • in-sii · • · izlliz+1 • • • i11bi11+1 • • • is-1)] = 
i,< ... <is-1 a,b,x#=j, •... ,fs-1 
a.b,;,.x,a<b 
r,ne ; 1, , j,_1 - ,nonOJJHeHHe K i1t ... , i,,,_., t, x = t, a= iq, b ~ i, H 
w, z, y, 1-TaKHe •rnCJia, llTO iw < t < iw+1t iz <a< iz+i, i11 < b < i11+i, 
it< t < ii+1• (B nepaoii 11aCTH q < r ~ w.) 
Opeo6pa3~'H .llpyrne ,ll,Be 11acTH TaKHM .>Ke cnoco6oM, noJiy'IHM cJie.l{y10-
my10 q>opMyny .AJIH (IV): 
J,<., .. <is-1 a,b,x,,;.;,, ... ,;,_1 
a,b9"x, a<b 
C ,npyroit CTOpDHbl, a CHJIY (3) ( ~!f) (m) HMeeT BH.D. 
•+• 
+ 
"1 "'1 (- } )"+i+q (f. ~ . , - m1 I Uj ) + 
-'.l "'-I 11 .•• lq-··'s+i •··· s+1 q 
i,<, •.. <ts+1 q=l 
•+1 
~ ~ (- 1 t+1+q (f1, .. .tq···'s+1' m1, .. .1s+1) Ctq + 
i,< ... <ls+·11/=l 
"'1 "'1 (- 1 )q+r (f. ., ., , m1 i ) Ti' + 
.::::J "'-I '•···'q•··'r···'•+1lr •··· s+1 1,1, 
i 1< ... <15+1 q<.r 
+ ~ ~ h (t ... 1q ... 7, ... i5+1t• m1, ... ls+1) Tfqlr = 
i1< .•. <i5+1 q< r 1,;,.i,, ... ,15+1 
•+• 
(13) 
~ ~ (- 1>5+1+q(f1, ... 1.q···'s+1'mi, ... iq••·'•+1'quy (- l)s+1-q_ (-1) + 
i,< ... <ls+1Q=I 
r.ne 
TeopeMa JJ;B0HcrBe1rnocrn 
I" = - ~ (fi. .. .is• mj, ... j 5tUt), 
i,<---<is 
1,1,.;, •... ,j s 
II"=- LJ ~ (/J. ... ;5 , mi, ... ;~t) T;~~, 
IV"=-
III"= 
i,<--.<is iz <t 
t,1,.f,,--,is 
2J ~ (f· · m· · 1) T; 2 .:::J /1--·ls' lt---ls tiz , 
i,<---<is iz >t 
t,;=i,, ... ,is 
i, <---<is-1 a,b,;=j,, .. Js-1 
x:,;=j,, .. ,fs-i f a,b,1,.,:, a<b 
V" = ~ (/i., ... ;5 , m;,.--i5t)Ct-
i, <--.<is 
t,;=j , •... ,j s 
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CpaBHHBa.51 3TO (qiopMymOOI .Zl;JI51 (6!f)(m) BH,[(HM, 'ITO IV"= (- 1>5+1 IV' H 
I"= (-_1)'+11' . .Ila.nee, K03:p:pHUHeHT npH (/i, ... 1,,mi.---ist) .Zl;Jlff.JI!OOOI'O Bb16opa 
ii< ... < is,t=l=ii, ... 'is B II"+ nr + V" + (-!)'II'+ (- l)'IH' paBeH 
" = Ct - ~ 1:1 = Ct - Tr (ad u,) = 0 . 
.t=l 
Ope.!1.JIO:>KeHHe l .!1.0Ka3aHo. 
KoroMOJIOrHH KOMnJleKca ( 4) C = C ( ~; M) • CBH3aHbl c KOfOMOJIOrHHMH 
C (~; M) qepe3 TeopeMy yHHBepcaJlbHblX K03qJ<pHU.HeHTOB. B cHJ'iy npe,nJio-
.)KeHHH 1, HMeeT MeCTO 
Te Ope Ma 2. Jlycrb k-1tacJ/.eacrae1-1,1-1,oe KOAbt.fO (r. e. Kaxabtii. uaeaA 
a k npoeKTUBl-lbtii.). Jlycrb lj - n-Mep1-1,afl aAze6pa JI u Haa k ( cao6ooHaR KaK 
k-Moay.n.b) H M - KOl-le'tl-lOMepH.blU MOOYAb H,QQ ~' npoeKTUBl-lbLU KaK MOOYAb 
1-1,ao k. Tozaa UMeer MeCTO KaH.OH.U'teCKQR pacui,en,rn10t.u,aRCR TO'I.HaR nOCAe-
OOBaTe./1.bl-lOCTb 
TeopeMa I Henocpe,!1.CTBeHHO CJie,!l.yeT H3 TeopeMbl 2. 
C JI e .!I. c TB He I. Cyui,ecrayer raKaR crpyKrypa fy-Mooy1u1. 1-ta k, 'I.TO 
Hn ( fy, k) c¥=0; ecJIH k - noAe, crpyKrypa c TaKUM caoii.CTBOM eiJut-iCTBeHH.a. 
TTycrb u 1-> (yMHo)l{em1e Ha Tr (ad u)) I: Hom (k, k); Tor.n;a H" (&, k) '.:'.:'='. k. 
HcCJie,nyH Henocpe,ncrneHHO KO.Vlf!JleKC Kouerrett, MO)KHO f!OJ1Y'-H!Tb 60J1ee TO'!· 
HylO 1rncpopr,,1aumo 06 H" ( 11, k) :i:m£ pa3.1l-14HbIX c-rpyKTYP f,-:-,ro11.yJ1H 11a k. 
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HanpHMep, ec;m k - JlOKaJJbHOe KOJlbUO C MaKCHMaJibHbiM H.l(eaJIOM m H 
u 1- cu -TaKaH crpyKTypa 6-Mo,nymr Ha k, 'ITO c.,, - Tr (ad u) t m ;i;;ur scex 
u E 6, TO Hn (6, k) =I= 0. TaKHM o6pa30M MOmHo y6e,!l.HTbCH, 'ITO npemmnoJKe-
1-me o HaCJie,ncTBeHHocm k B CJie.ri;crs1m 1 H3JIHWHe; J1.J1H crpyKrypbl 
u1-Tr(adu) acer.n;a H"(6,k)=.k. 
C J1 e JJ.. c Ta He 2. llycrb k-noAe H 6 - n-.M.epH.aR aJ12e6pa Jlu H.aa k; 
c1-w6ouM k rpueuaAbH.oiJ. crpyKrypou l) -MooyM1.. Tozoa 
(TToc.ne.ri;Hee yCJJOBHe, KOHelffio, BhlilOJIHHen:H, ecmi: 16, 6] = 6 mm: ecmi: I) 
HHJibOO'reHTHa.) 
C JI e /1.. c Ta He 3. EcAu k - no/le JCOH.f!'I.H.Oll xapa,anepucnuucu. u 6 - n-Mep-
Hafl a;zee6pa Jlu 1-1.ao k, mo cyw,ecmayem ma,cou (,ro1-1.e'l.1WMepHb1.iJ.) 
6-MOOYAb M, '!mo H"-1 (!), M) =I= 0. 
(I1oToMy 'ITO cy~ecraye,- raKoii KOHeIJHOMepHblii f)-MO)I.YJJb, 'ITO H 1 (6, N) =4=0, 
T. e. cyw.ecrayeT KOHe'IHOMepHoe npe,1l;CTaBJleHHe, KOTOpoe He BfiOJIHe [npHB0-
)1.HMO.) TToCJieAHHH pe3yJlbTaT Il0,!l.CKa3b1BaeT CJie,nyJ-O~e npe,nnoJio>KeHHSI! 
(CM. [21, r.n. V, § 3, crp. 102). EcAu 6-n-MepH.aJ1, aA2e6pa Jiu 1-taa noAeM 
KOH.e'I.H.oii. xapa,KJtZepucmuKU, mo Ollfl ecex i = 0, 1, . . . , n cyw,ecmeyem ma1coii 
ICOH.e'I.H.O.M.epHbl.ii. f)-MOOY14b M, If.mo H1 (~. M) =f= 0. 0Ho Tenepb )l;OKa3aHo )I.JJ5J 
i = 0, 1,n-1,n. · 
(Tioc-ry1rnna a pe.11.aKuu10 28/V 197'.0 r.) 
MareM.aTHqe'cXffJk 11:ll'CTHTYT Y1J11tBEpc1nera A111cTfl)J1a.111a. 
r OJIJiaH.11.Hll 
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